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LECTURE 1

Vectors, length and the dot product

1. Withu=(2,—-1)and v =(-1,3), find3u—v.

Solution
1. 3u= (6, —3).
2. 3u—v=(6—(-1), —3—3)=(7,-6).

2. Compute (1,0,2,—1) +2(0,3,1,1) in R4

Solution
1. 2(0,3,1,1) =(0,6,2,2).
2. Addentrybyentry:(1+0,0+6,2+2, —1+2)=(1,6,4,1).

3. Is(1,2,3)alinear combination of (1,0,1) and (0, 1,1)?

Solution
1. Writea(1,0,1) + b(0,1,1) = (a, b, a + b) and match with (1,2, 3).
2. The first two entries givea = 1,b = 2.

3. The third entry needs a + b = 3 v'. Consistent: yes, (1,2,3) = (1,0,1) + 2(0,1,1).

4. 1Is(1,2,4) alinear combination of (1,0,1) and (0,1,1)?

Solution

1. Asbefore, a(1,0,1) +5(0,1,1) = (a, b, a+b),soa=1andb= 2.
2. The third entry would be a + b = 3, but we need 4.

Inconsistent: no. The point lies off the plane the two vectors span.

3.

5. Find the unit vector in the direction of (3, —4).

Solution

1. Length: /3% + (—4)2 = v/25 = 5.

2. Divide by the length: (3, —3%). Check: 5 + 36 =1 V.

6. Compute ||(2,—1,0,2)|.

Solution

1. Square the entries: 4,1, 0, 4. Add: 9.
2. Take the square root: \/§ =3.

Find a vector of length 10 pointing the same way as (1, 2, 2).

Solution

1. [(1,2,2)]| = V1 +4+4 =3, so the unit vector is (§, 2, 2).

2. Multiply by 10: (%, %, % )

8. Find kso that (2, k) is perpendicular to (3, —6).
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10.

11.

12.

13.

14.

Solution
1. Perpendicular means the dot product is 0: (2, k) - (3, —6) = 6 — 6k.
2. 6—6k=0= k=1 Check: (2,1)-(3,—6)=6—6=0.

Find the angle between (1,2, 2) and (2,0, 0).

Solution

1. Dot product: (1,2,2) - (2,0,0) = 2. Lengths: 3 and 2.

2. cosf =4 =3,500=cos! 3~ 705

Letu=(2,-1,4) andv = (1,3,—2). Findu + 2v and ||u — v||.
Solution

1. 2v=(2,6,—4),sou+2v=(2+2, —1+6,4—4)=(4,5,0).

2. u—v=_(1,-4,6),s0 |[u—v| =+1+16 + 36 = v/53.

Find the unit vector pointing in the opposite direction to (6, —2, 3).

Solution

1. Length:||(6,—2,3)|| =+/36+4+9=17.

Write (1, 7) as a linear combination of (1,2) and (—1,1).

Solution

1. Match entries of a(1,2) + b(—1,1) = (1,7):a—b=1and 2a + b=T17.
2. Add the equations: 3a =8 = a = %. Thenb=a—-1= %
3. Check: $(1,2) + 3(-1,1) = (538, &5)=(1,7) v.

Find the angle between (1,0,1) and (0,1,1).

Solution
1. (1,0,1)-(0,1,1) = 04 0 + 1 = 1; both lengths are v/2.
1 1
2. cosf=— = —,s00 =60°.
V242 2

Find every vector (z,y) of length 5 that is orthogonal to (3, 4).
Solution

1. Orthogonalto (3,4): 3z + 4y = 0, so (z,y) = t(4, —3).

2. Length ||t(4,—3)|| = 5|t|. Setting it equal to 5 gives t = %1.
3. Answers: (4,—3) and (—4, 3).
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2. Unit vector in the same direction: (%, —%, %) The opposite direction is its negative: (—%, %, —%)
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LECTURE 2

Projections, cross product, lines and planes

1. Project(1,2,3) onto (1,1,1), and find the perpendicular part.

Solution

1. u-v=1424+3=6andv-v=23.

2. proj,u=$(1,1,1) = (2,2,2).

3. Perpendicular part: (1,2,3) — (2,2,2) = (-1,0,1). Check: (-1,0,1) - (1,1,1) =0 V..

2. Find the distance from the point (3, 4) to the line through the origin with direction (2, 1).
Solution

1. Project (3,4) onto (2,1): G (2,1) = £(2,1) = (4,2).

2. Perpendicular part: (3,4) — (4,2) = (-1, 2).

3. The distance is its length: 4/1 + 4 = /5.

3. Find the area of the triangle with vertices (0, 0, 0), (1,0, 0) and (0, 2, 0).

Solution

1. Edge vectors from the origin: (1,0, 0) and (0, 2, 0).

2. Cross product: (0-0—-0-2, —(1-0-0:0), 1-2—-0-0) = (0,0, 2), length 2 = parallelogram area.
3. Triangle area: % -2 = 1. Sanity check: a right triangle with legs 1 and 2 has area % -1-2=1V.

4. Find the line through (1,0,2) and (3,1, 5).

Solution

1. Direction: the difference of the points, (3,1,5) — (1,0,2) = (2,1, 3).

2. Start at either point: x = (1,0,2) +£(2,1,3). (Att = 1 you reach (3,1,5) v'.)
5. Find the plane through the origin perpendicular to (1, —2,4).

Solution

1. The normal (1, —2,4) gives the coefficients: z — 2y + 4z = d.

2. The origin is on the plane,sod = 0: ¢ — 2y + 42 = 0.

6. Isthe point (3,2,2,5) on the line (1,0, 2, —1) +#(1,1,0,3) in R*>

Solution

1. Matchentrybyentry:14+¢t=3,t{=2,2=2, —143t=25.

2. The first, second and fourth all give t = 2, and the third holds for any .

3. One value of t works for every entry, so yes.

7. Find the scalar and vector projections of u = (1,2, 3) ontov = (2, -1, 2).

Solution

1. u-v=2—-2+6="6and|v|=vA+1+4=23
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D 6
2. Scalar projection: 3= 2.
6
3. Vector projection: 6(2’ -1,2)=(3,-2%,%).

8. Compute (1,—1,2) x (3,0,1) and check your answer.
Solution
1. Withu=(1,-1,2), v = (3,0,1):
uxv=((-1)(1) —2(0), —[1(1)-2(3)], 1(0) - (-1)(3)) = (-1,5,3).
2. Check:(-1,5,3)-(1,-1,2)=-1-5+6=0and (-1,5,3)-(3,0,1) =—-3+0+3=0V.

9. Find the equation of the plane through (1,2,0), (0,1,1) and (2,0, 1).
Solution
1. Edge vectors from (1,2,0): (0,1,1) — (1,2,0) = (-1,—1,1) and (2,0,1) — (1,2,0) = (1,-2,1).

2. Normal:

3. Plane through (1,2,0): 1(z — 1) +2(y—2)+3(z—0) =0 =z + 2y + 3z = 5.
4. Check the other points:0+2+3=5and24+0+3=5 V.
10. Find parametric equations for the line where the planes £ + y + 2 = 6 and £ — y = 0 meet.

Solution
1. The line lies in both planes, so its direction is perpendicular to both normals:
(1,1,1) x (1,-1,0) = (0+1, —(0—1), —1-1) =(1,1,-2).
2. A common point: set ¢ = 0; the second equation gives ¥y = 0, then the first gives z = 6.

3. Line:x = (0,0,6) +t(1,1,—2). Check:t+t+ (6 —2t) =6andt—t =0 .

11. Find the distance from (2, —1, 3) to the plane 2z —y + 2z = 1.

Solution
1. Normal (2,—-1,2),d =1, point (2, —1, 3).
2. Numerator: |2(2) — (—1) +2(3) — 1| = |4+ 1+ 6 — 1| = 10. Denominator: /4 + 1+ 4 = 3.

3. Distance %.
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(-1,-1,1) x (1, ~2,1) = (-1)1) - ()(-2), ~ [(-1(D) — D)D), (~1)(~2) - (~1)(D)) = (1,2,3)
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LECTURE 3

Systems, row reduction and RREF

1. Solvex+2y=4, 2z + 4y =_8.
Solution
1 2|4] R,—2RrR, (1 2|4
2 4|8 0 00|

2. Only one pivot; yis free. Lety = t: * = 4 — 2t. Infinitely many solutions (the two equations are the

same line).

2. Solvex+2y=4,2z+4y=9.
Solution

1 2| 4| Re—2r, |1 2|4
2 4|9 0 0|1]

2. The last row says 0 = 1: no solution (parallel lines).

01

Solution

[1 3 ‘ 5] .
3. Put 9 into RREF.

1. It's already in REF; clear the entry above the second pivot:

1 3|5] Ri-3R, [1 0] -1
0 1|2 0 1| 2

2. Sox=-1,y=2.

1 0 2|3
4, Is |0 1 0| 1] in RREF? What's the solution?
0 0 00O

Solution

1. Check the rules: pivots (both 1) step to the right, each pivot is alone in its column, and the zero row is
at the bottom. Yes, it is in RREF.

2. Column 3 has no pivot, so z = tis free.

3. Rows:z +22=3=>z=3—2tandy=1.

5. Solve2z+y—2=3,z—y+2=0,3z+2y+2z=_8.
Solution

1. Swap the first two equations so the first pivot is 1, then eliminate:

1 -1 1 | 0] meam [1 -1 1 ]0] 1. [1L -1 1|0
5 1 —1]3| B o 3 33|32 0 1 —1]1
3 1 | 8] 0 5 —2|8 0 5 —2|8
1 -1 1 |0

B3R g 1 11
0 3 |3
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3. Checkin the original first equation: 2+2 —-1=3 V.

Solution

1. Row reduce:

1 2 3 4|10 01 2 3
2. Pivots in the z and y columns; 2 = s and w = ¢ are free.

3. Rowsgivex = -2+ s+ 2tandy =6 — 2s — 3t.

[1 11 1‘4] Ry—R; [1 11 1‘4
6

Ri-R, (1 O
01

2. Back-substitute:3z=3=z=Ly—z2=1=2y=2z—y+2=0=>zc=1.

-1

2

Find the RREF and the general solutionofz + y+ z+w =4, z 4+ 2y + 3z + 4w = 10.

3

_2‘

-2
6

|

For which g and b does ¢ + 2y = 3, 2z 4+ ay = b have (i) a unique solution, (ii) no solution, (iii) infinitely

-2 1 2
aox=| 845|243
—l0 1 ol
0 0 1
many?
Solution
1 2| 3] rR,—2r; [1 2 3
2 al|b 0 a—4|b—6|

2. (i) If a # 4, both columns have pivots: unique solution.

Solution

1. Reduce the coefficient matrix:

1 1 —-1] Rr—2r, [1 1

2 -1 1| B, 1o _3

1 2 -2 0 1
B 200
— 01 -1
0 0 0

2. z=tisfree;therowsgivex =0andy=2=1.

3. x=1t(0,1,1).
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4. (iii) If @ = 4 and b = 6, row 2 is all zeros: infinitely many.

3. (ii)Ifa=4andb # 6, row 2says 0 = b — 6 # 0: no solution.

-1
3
-1

Ro+R3
—

0

Solve the homogeneous systemz +y—2=0, 2z —y+2=0, z+ 2y — 22 =0.

-3

-1
-1
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LECTURE 4

Matrix algebra and the inverse

1. C t 1215
. om e .
P13 4] |6

Solution

1. Row view: dot each row with (5, 6).

17
2. (1,2)-(5,6) =17and (3,4) - (5,6) = 39, so the answer is [ ]

39
» comous [U 22 0
. Lompute .
PUe 1s 4] 1 1

Solution

1. Entry (¢, j) = row % of the first matrix dotted with column j of the second.
1-2+2-1 1:0+2-1] [4 2
3:2+4-1 3-0+4-1] |10 4]

3. Writex —y+2z=1,3y+ 2= 0inthe form Ax =b.

Solution

1. Coefficients go in rows, one column per variable z, y, z; the missing x in the second equation is a 0.
T

o s Pl

2
4. Invert .

2 6
Solution

1. ad — be = 4(6) — 7(2) = 10.

4 ] . Divide by 10: % [_6 _7].

2 4

2. Swap a and d, negate band c: [ 9

2 6] [-2 4 0 10

4 - 1
3. Check: [ 7] [6 7] = [ 0 0],whichdividedby10isI\/.

4
5. Does [1 2] have an inverse?

Solution
1. ad —bc = 2(2) — 4(1) = 0, so there is no inverse.

2. Reason: column 2 is twice column 1, so the matrix squashes the plane onto a line.

1 2 3 1
6. LetA= [0 1] and B = [1 0] . Compute AB, BAand ATB.
Solution

1. AB: rows of A dotted with columns of B:

(1,2)-(3,1) =5, (1,2)-(1,0) =1, (0,-1)-(3,1) = -1, (0,-1)-(1,0) =0.S0 AB = |:_51 :):| )
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2. BA:(3,1)-(1,0) =3, (3,1)-(2,—1) =5, (1,0)-(1,0) =1, (1,0) - (2,—1) = 2.S0 BA = [3 5]

1 2|
3. AT=E _01],30ATB=[3 1].

2 -1
7. Invert .
)

Solution

1. ad —be=2(2) — (-1)(-3) =1.

2 1
2. Swap a, d and negate b, c: [ 2] divide by 1.

3. Check: [ H ] [ ]
1 10
8. Use[A|I]toinvert |0 1 1
0 0 1
Solution
1. Row reduce [A | I'] from the bottom up:
1 1 0|1 0 O 11 01 0 10 01 -1 1
R;—R3 R1—R»
01101 0f——1|0 10|01 -1|]——1|0 1 0|0 1 -1
0 0 1|0 0 1 0 0 1|/]0 0 1 0 01/0 0 1
1 -1 1
2. A7'=10 1 -1
0 0 1

9. SolveXA=BforX,WhereA=E z] ande[(z) ﬂ

Solution

1. Multiply XA = Bon the right by A™%: X = BA™L.

-2
2. detA=3-2=1,s0A"1= [_31 1].

5. X [2 1] [3 —2] _ [6—1 —4—|—1] _ [5 —3].

0 1) |-1 1 0-1 0+1 -1 1

5 -3[(1 2 2 1

4. Check:XA=[_1 1][1 3}=[0 1]=B\/.
10. Show that (A7!)7 is the inverse of AT.
Solution
1. We must show AT(A1)T = I (and the same in the other order).
2. Use (XY)T = YTXT backwards: AT(A71)T = (4714)T.
3. =IT = I.Similarly (A7!)TAT = (AA )T =1.50 (47T = (A7)~
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LECTURE 5

Span, independence, basis and dimension

1. Are(1,2)and (3,6) independent?

Solution

1. (8,6) = 3(1,2): one vector is a multiple of the other, so they're dependent.

2. Are(1,1,0), (0,1,1) and (1,2,1) independent?

Solution

1. No two of them are multiples, so check for a combination: (1,1,0) + (0,1,1) = (1,2,1).

2. So(1,1,0) +(0,1,1) — (1,2,1) = 0: dependent. (The determinant of the matrix with these columns is
0.)

3. 1Is(1,1,1)inspan{(1,0,1),(0,1,0)}?

Solution

1. Solvea(1,0,1) +5(0,1,0) = (a, b, a) = (1,1,1).

2. Thisgivesa = 1,b =1, and the third entry a = 1 V. Yes.

4. 1s(1,2,3)inspan{(1,1,1),(0,1,2)}?

Solution

1. Weneeda(1,1,1)+b(0,1,2) = (a, a + b, a +2b) = (1,2,3).
2. Firstentry:a =1.Second:1+b=2=b=1

3. Third:a + 2b = 3 v . Consistent, so yes: (1,2,3) = (1,1,1) + (0, 1, 2).
5. Are(1,0,2),(0,1,-1), (2,3,1) independent?

Solution
1 0 2

1. Putthe vectors in as columns and expand alongrow1: [0 1 3|=1(1+3)—-0+2(0—-2)=0.
2 -1 1

2. The determinant is 0, so the vectors are dependent.

3. Find the relation: try ¢1(1,0,2) + ¢2(0,1, —1) = (2, 3,1). The first two entries give ¢; = 2, ¢3 = 3, and
the third checks: 4 —3 =1 V.

6. Find a basis and the dimension of span{(1, 1,0), (2, 2,0), (0,1,1),(1,2,1)}.

Solution

1. Spot the redundant vectors: (2,2,0) = 2(1,1,0) and (1,2,1) = (1,1,0) + (0,1,1).
2. Remove them; (1,1,0) and (0, 1, 1) are not multiples, so they're independent.

3. Basis {(1,1,0),(0,1,1)}; dimension 2.

7. Find the coordinates of (2, 3) in the basis {(1,1), (1, —1)}.

Solution
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1. Solvea(1,1)+b(1,-1)=(2,3):a+b=2,a—-b=3.
2. Add:2a=5=a=
3. Check: 3(1,1) — 1(1,-1)=(2,3) v.

g.Subtract: 2=-1=b= —%.

8. For which his {(1,2,3),(0,1, k), (1,3,5)} dependent?
Solution

1. Three vectors in R3 are dependent exactly when the determinant is 0.
1 01

2. Expandalongrow1:(2 1 3|=1(5—3h)—0+1(2h—3)=2—h.
3 B 5

3. Set2—h=0:h=2.
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LECTURE 6

Subspaces, null space, column space and rank

1. Which of these are subspaces of R?? (a) all (z,y) with y = 2z; (b) all (z,y) with y = 2z + 1; (c) all (z, y) with
zy > 0.

Solution
1. (a) y = 2z is aline through the origin, the span of (1, 2): subspace.
2. (b) (0,0) fails 0 = 2(0) + 1, so the zero vector is missing: not a subspace.

3. (c) It contains (0, 0), but (1,0) and (0, —1) are in it while their sum (1, —1) has 2y = —1 < 0: not
closed under addition, not a subspace.

2. Find a basis for the plane ¢ + y + z = 0, which is the null spaceof [1 1 1].

Solution

1. One equation, three unknowns: y = sand z =t are free,and z = —s — &.
x -1 -1

2. |lyl=s|1|+t] 0
z 0 1

3. Basis {(-—1,1,0),(—1,0,1)}; the plane has dimension 2.

3. A4 x 6 matrix has rank 4. What is its nullity?
Solution

1. Rank-nullity: rank + nullity = number of columns = 6.

2. nullity =6 —-4=2.

4. Which are subspaces? (a) {(z,9,2) : ¢ = y = 2} in R3; (b) {(z,¥) : £ > 0} inR?; (¢) {(z,¥,2) : 2= zy} inR3

Solution

1. (a) The set is all multiples of (1,1,1), i.e. span{(1,1,1)}. A span is always a subspace: yes.
2. (b) (1,0) is in the set but (—1)(1,0) = (—1,0) is not. Not closed under scaling: no.

3. (c)(1,1,1)isintheset (1 =1-1),but2(1,1,1) = (2,2,2) would need 2 = 2 - 2. No.

1 2 -1
5. Find a basis for the null spaceof |2 4 —2].
1 3 0
Solution
1. Row reduce:
[1 2 —1] Rry—2mr, [1 2 -1 1 2 -1
2 4 —2| B P00 0 o B2 00 1 1
(1 3 0| 01 1 0 0
[1 0 -3
B 11
|0 0 O |
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2. z3 =tis free; the rows give £y = 3t and z2 = —t.

3. Basis{(3,—1,1)}. Check: A(3,-1,1)=(3—-2—-1,6—-4—-2,3-3+0)=0V.

1 2 3
6. Find the rank and nullity of {2 4 6|, and a basis of its column space.

1 11

Solution

1. Row reduce:
1 2 3| mr—2r, (1 2 3 1 2 3

3— Ry Ry<++R3

2 4 6 o 0 0f—— 0 -1 -2
1 11 0 -1 -2 0 0 0

2. Two pivots (columns 1 and 2): rank 2, nullity 3 — 2 = 1.

3. Nullspace: —y—2z=0andz+2y+32=0;withz=1y= -2,z = 1:span{(1,—-2,1)}.
4. Column space basis: original columns 1 and 2, {(1,2,1), (2,4,1)}.

7. Ais6 x 4 with rank 4. What is its nullity? How many solutions can Ax = b have?

Solution
1. Rank-nullity: nullity =4 — 4 = 0.
2. So Ax = 0 has only x = 0: there is a pivot in every column.

3. If Ax = b has a solution, it is unique (two solutions would differ by a non-zero null vector). It may

have none, because the rank 4 is less than the 6 rows.
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LECTURE 7

Midterm review: Units 1-5

1. Do thelines(1,0,0) +¢(1,1,0) and (0,1,1) + s(1,0, —1) intersect?

Solution

1. Setthe points equal: (1 +¢, ¢, 0) = (s, 1, 1 —3).

2. The middle entries give t = 1; then the first gives s = 2.

3. The third entry needs 0 = 1 — s = —1. Contradiction, so no intersection.

4. The directions (1,1,0) and (1,0, —1) aren't parallel, so the lines are skew.
2. Solvex+2y—z=1,2x+4y+2=05, z+2y+2z=4.
Solution

1. Row reduce:

1 2 —1|17 Reary [1 2 —1[11 & 1 2 —1]1
2 4 1|5/ 2™ lo 0 3 BRoloo0 1|1
12 2|4 00 3|3 0 0 0
12 02

B 1o 0 1)1
0 0 00

2. y=tisfree:z=1landz =2 —2¢.

3. x=(2,0,1) +t(-2,1,0).

3. 1s{(1,1,0,0),(0,1,1,0),(0,0,1,1),(1,0,0,1)} a basis of R*?

Solution

1. Look for a relation: vi — vo = (1,0, —1,0) and v — v4 = (—1,0,1,0).

2. Adding them gives vy —vg + vy — vy = 0.

3. Anon-trivial relation means the set is dependent, so it is not a basis.

5 3]
4. Find [3 2] and useittosolve bz + 3y =1, 3z + 2y = 0.

Solution

2 -3
1. det=10—-9=1,s0A47! = [_3 5].

o FI I

3. Check:5(2) +3(—3)=1and 3(2) +2(-3)=0v.
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LECTURE 8

Linear transformations

[y

Is T(z,y) = (z + y, 2y) linear? If so, find its matrix.
Solution
1. Each output entry is a fixed combination of z and y, so T' is linear.

2. T(e1) = T(1,0) = (1,0) and T(es) = T(0,1) = (1,2).

1 1
3. These are the columns: [0 2] .

2. IsT(z,y) = (x?,y) linear?

Solution

1. Testscaling withe; = (1,0): T'(2e;) = T'(2,0) = (4,0).

2. But2T'(e;) = 2(1,0) = (2,0) # (4,0). Not linear.

3. Find the matrix that rotates 90° counterclockwise and then reflects in the z-axis.

Solution

0
1. Rotation R =
otation [1 0

R

3. Check:e; — (0,1) — (0,—1), the first column v.

] , reflection F' = [(1) 0 ] ."First R, then F"is F'R.

-1

4. Find the matrix of the reflection in the liney = —z.
Solution

1. Reflectinginy = —z sends (z,y) — (—y, —z).
2. eg=(1,0) — (0,—1)and e3 = (0,1) — (—1,0).

3. Col 0 -1
. olumns: .
-1 0

5. LetT(z,y,2) = (z —y, ¥y — 2, 2 — ). Find its matrix and kernel. Is T onto R3?

Solution
1 -1 0

1. Images: T'(e1) = (1,0,—-1), T(e2) = (—1,1,0), T(e3) = (0,—1,1),s04A=]0 1 -—1}.
-1 0 1

2. Kernel:z —y=0, y—2=0givex = y = z: kerT =span{(1,1,1)}.

3. Nullity 1, sorank 3 — 1 = 2 < 3: T is not onto (and not one-to-one).

6. Write the matrix of rotation by 45° and apply it to (1,1).

Solution

cosf —sinf ) o . o 1.1 [1 -1
].Wlthcos45 = sin4b _E'T[ ]

1. RotationbyG:[ 2 (1 1

sinf@ cosf
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L [1-1 0
| 2. Applyto(1,1): W[1+1] = [\/5]
7. Tislinear with T'(1,1) = (3,1) and T'(1, —1) = (1, 5). Find its matrix.
Solution
1. Writee; = $[(1,1) + (1,—1)] and e; = 3[(1,1) — (1,-1)].
2. Linearity: T(e1) = 2((3,1) + (1,5)] = (2,3) and T(e3) = 2[(3,1) — (1,5)] = (1, -2).

3Mt"21Chk'211—3\/
- Matrix: |, |.Check: |, || [=1]4| ¥
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LECTURE 9

Determinants and Cramer's rule

1.

Solve 3z — 2y = 1, ¢ 4+ 4y = 5 by Cramer's rule.

Solution
3 -2
1. detAz‘l 4‘=12—|—2=14.
1 -2 3 1
_ 1 __ 4+10 __ 1 __15-1 __

3. Check:3—2=1and1+4=5/V.

Can Cramer's rule solve  + 2y = 4, 2z + 4y = 8? Explain.

Solution

1 2
. det A=
1 detd=y )

2. The second equation is twice the first, so the system actually has infinitely many solutions; row

‘ =4 — 4 = 0, and Cramer's rule divides by det A, so it can't be used.

reduction finds them.

2 0 1
Compute |1 3 —1f.
0 5 4
Solution
2 1
. 0 3 -1 1 3
1. Expandalongrow 1 (ithasazero):(1 3 —-1|=2 -0+1 .
5 4 0 5
0 5 4
2. =2(12+5)+1(5—-0)=34+5=39.
1111
2 2 2
Compute .
1 2 3 3
1 2 3 4
Solution

1. Subtract each row from the one below, starting at the bottom (R4 — R3, then R3 — R, then Ry — R;).
Replacements don't change the determinant.

1 111
.10 1 1 1 .
2. The resultis , which is triangular.
0 011
0 0 01
3. Product of the diagonal:1.1-1.1=1.

Solve 3z + 2y = 7,  — y = —1 by Cramer's rule.

Solution

3 2
1. detA=‘1 ‘=—3— = —b.

-1
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1‘7 2‘_—7+2_1

-1 -1 -5

13 7| =83-7
- -1 -1 -5
4. Check:3+4=7andl—-2=-1V.

2.

3.y

6. Aand Bare4 x 4with det A = 3 and det B = —2. Find det(AB™!), det(—A), det(AT B?).
Solution

1. det(B!) = L, sodet(AB}) =3-(—3)=-3.

2. det(—A) = (—1)*det A = 3 (each of the 4 rows is multiplied by —1).

3. det(ATB?) =det A(det B)2 =3-4=12.
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LECTURE 10

Eigenvalues and eigenvectors

4 -2
1. Find the eigenvalues and eigenvectors of [1 1 ] .

Solution

1. Characteristic polynomial: (4 — A)(1 — A) — (=2)(1) = A2 =51 +6 = (A — 2)(\ — 3).

2 -2] .

L _q|&vese =y (1,1).
1 -2

1 _2] givesz = 2y: (2,1).

4. Check: A(1,1) = (2,2) and A(2,1) = (6,3) v.

2. /\=2:A—2I=[

3. /\=3:A—3I=[

0
2. Show that [ ] has no real eigenvalues. What does it do geometrically?

Solution
A1
1 -2

2. A24+1>1>0for every real A, so there are no real eigenvalues.

1. det(A—)\I)=‘: ‘=>\2+1.

3. The matrix sends (1,0) — (0, —1) and (0,1) — (1,0): 2 90° clockwise rotation, which turns every

direction.
1 00
3. Find the eigenvalues and an eigenvector for eachof [0 2 1
0 0 3
Solution
1. Upper triangular: eigenvalues 1, 2, 3.
0 0O
2. A=1:A-I= (0 1 1| givesy=2=0:(1,0,0).
0 0 2
-1 0 0
3. A=2:4-2I=]|0 0 1]givesz=2z=0:(0,1,0).
|0 0 1
—2 0 0
4. A=3:A-3I=|0 -1 1|givesz=0,y=2:(0,1,1).
|0 0 O
4. Show that A and AT have the same eigenvalues.
Solution
1. AT — X[ = (A - XI)T because IT =1.
2. A matrix and its transpose have the same determinant, so det(AT — AI) = det(4 — AI).
3. Same characteristic polynomial, so the same eigenvalues. (The eigenvectors can differ.)
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LECTURE 11

Diagonalization

. ) 1 2
1. Diagonalize .
2 1

Solution
1. det(A—-A)=(1-A)2—-4=X2-22-3=(A-3)(A+1).
-2 2 2 2
2. A=3A-3I= [2 2] gives (1,1). A=-1: A+ 1= [2 2] gives (1, -1).

1 1 3 0
3. P= [1 1], D= [0 1] . Check: trace2 =3 + (—1), det —3 = 3(—1) v'.

2 1
2. Is [0 2] diagonalizable?

Solution

1. Upper triangular: A = 2 twice.

0
2. A-2I= [0 0] has rank 1, so the eigenspace is 1-dimensional: only the direction (1, 0).
3. We need 2 independent eigenvectors and have only 1: not diagonalizable.

4 -2

3. Di lize A =
iagonalize [1 1

] (from Lecture 10) and check AP = PD.

Solution

1. From Lecture10: A =2, (1,1)and A = 3, (2,1).

1 2 2 0
2. = = .
F [1 1]’D [0 3]

3. Check: AP = [A(1,1) A(2,1)] = B g] and PD = [2(1,1) 3(2,1)] = B g} v.

4. Use the previous answer to compute AS.

Solution
1 -2] [-1 2
1. detP=1-2=—-1soP ! =— [_1 1] = [ 1 _1].
2. DP = [302 223]’andPD5 - [22 ;Zg]'
~321 486 64— 486] [454 —422
3. AP =PDP = [—32:[243 64—243] B [211 —179]'

. . . 3 1| (3 0
5. Which are diagonalizable: , ?
0 3/ [0 3

Solution
0

1. [3 1]:/\:3twice.A—3I= [0

0 3
diagonalizable.

1
O] has nullity 1, so only one eigenvector direction (1,0): not
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3 0
| 2 [ ] is already diagonal (P = I): diagonalizable. Every non-zero vector is an eigenvector.

0

4 3
6. A population moves between two regions with 4 = l “;‘ 170 ] . Find the long-run split.
5 10
Solution
1 3
1. Steady state: (A—I)x=0withA—TI= [ 15 103 ]
5 T 10

2. —0.2z 4+ 0.3y =0 = 2z = 3y,sox = (3,2).
3. Scale to total 1: (%, %) 60% and 40%. (The other eigenvalue, 1.5 — 1 = 0.5, dies out.)
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LECTURE 12
Orthonormal bases, Gram-Schmidt and projections

1. Apply Gram-Schmidt to (3, 4), (1,0), then make the result orthonormal.

Solution
1. v1=(3,4), ||v1]|? = 25.
2. x3-vi=3,50vy=(1,0) — 2(3,4) = (3¢, —32), which points along (4, —3). Check: 12 - 12 =10 ..

3. Both (3,4) and (4, —3) have length 5: orthonormal basis (2, ), (%, —2).

2. IsQ= N L orthogonal? What is Q12
C BRI R ) TR '
Solution

1. Columns %(1, 1) and %(1, —1): each has length 4/  + 4 = 1, and their dot productis + — 2 = 0.

2. Orthonormal columns, so Q is orthogonal and @ ! = Q7.

3. Qissymmetric, so QT = Q: Q is its own inverse.
3. Show that {(1,2,-1),(1,0,1),(1,—1,—1)} is orthogonal and write (2, 1, 0) in this basis.

Solution

1. Dot products:
(1a 2, _1) : (1a0a 1) =0, (1a 2, _1) : (1a -1, _1) =1-2+1=0, (1707 1) : (1a -1, _1) =0.

Orthogonal.
2. Squared lengths: 6, 2, 3. Dot products with x = (2,1,0): 4, 2, 1.
3. 61:%2%,02 —1 c3 = ;

4. Check: 2(1,2,-1) +(1,0,1) + 3(1,-1,-1) = (2,1,0) V.

4. Apply Gram-Schmidt to (1, 1,0), (0,1,1), (1,0,1).

Solution

1. v =(1,1,0), ||vi]|2 = 2.

2. x3-vy=1vy=(0,1,1) — 1(1,1,0) = (— 3, 3, 1); scale by 2: (—1,1,2), ||v2||*> = 6.

3. xg-vy=landxg-va=—-1+0+2=1vs=(1,0,1)— 1(1,1,0) — +(-1,1,2) = (2,-2,2),
scale: (1,—-1,1).

4. Check: all three pairwise dot products are 0 v'.

5. Project(1,1,1) onto U = span{(1,2,0),(—2,1,0)} and find the distance to U.

Solution
1. The spanning vectors are orthogonal' (1,2,0)-(—2,1,0) =0.
(111)(120) d(111)(210) 1

2. Coefficients:
3. projy(1,1,1) = %(1,2,0) - g(—2, 1,0) = (1,1,0).

4. Leftover (0,0,1), so the distance is 1.

(54
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6. Find an orthonormal basis of the plane z + y+ z = 0.

Solution

1. Theplaneisnull[l 1 1], whichis2-dimensional. One vector in it: (1,—1,0).

2. Gram-Schmidt with a second vector (1,0, —1): (1,0, —1) — %(1, -1,0) = (%, %, —1); scale to
(1,1, —2). It satisfies 1 + 1 — 2 = 0 and is orthogonal to (1, —1,0).

—1,0) and %(1, 1,-2).

|
3. Normahze.ﬁ(l,

23 / 29

© 2026 Pratik Bhanuse - pratikbhanuse.github.io



LECTURE 13

Symmetric matrices and quadratic forms

5 2
1. Orthogonally diagonalize [2 2].

Solution
1. Trace7,det10—4=6: A2 —7A+6=(A—6)(A—1).

-1 2 4 2
2. /\=6:A—6I=[2 4] gives(2,1)./\=1:A—I=[2 1] gives (1, —2).

2 1 6 0
3. They're orthogonal (2 — 2 = 0); normalize by v5: Q = % [1 2] » D= [0 1} '

6 2
2. Orthogonally diagonalize [2 3].

Solution

1. Characteristic polynomial: A2 — 9\ + (18 —4) = (A = 7)(A — 2).

2. A=TA-TI= [_21 24] gives (2,1).A=2: A -2l = [;1 ﬂ gives (1, —2).

2 1
3. Orthogonal (2 — 2 = 0); normalize by v/5: Q = % [1 2] » D= [g g]

011
3. Orthogonally diagonalize |1 0 1].
110

Solution

1. Each row of the matrix sums to 2, so (1, 1,1) is an eigenvector with A = 2.

2. The trace is 0, so the other two eigenvalues sum to —2. A + I is the all-ones matrix, which has rank 1,
so A = —1 has a 2-dimensional eigenspace: the plane  + y + z = 0.
3. Choose an orthogonal basis of that plane (as in Lecture 12): (1,—1,0) and (1,1, —2).
I 1
V3 V2 V6
4. Normalize and use as columns: Q = % —% % , D = diag(2,-1,-1).
L 0 2
V3 V6

4. Classify q = 2x2 + 6zy + 2y°.

Solution
2 3 . .
1. A= 3 9 (half of 6 goes in each off-diagonal entry).

2. Characteristic polynomial: (2 —A)2-9=0=2-A=43=A=5,-1.

3. One positive and one negative eigenvalue: indefinite.

5. Identify the curve 3z2 4 2zy + 3y* = 8.

Solution
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3 1
1. A= [ 3] : eigenvalues 3 + 1, i.e. 4 (along (1,1)) and 2 (along (1, —1)).

1
2. Inthose coordinates: 4u2 + 2v? = 8.
uw? 2
3. Divide by 8: o> + il 1. An ellipse with semi-axes V2 and 2.
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LECTURE 14

Least squares (with MATLAB)

1. Fity=a+bzto(0,0),(1,1),(2,1).

Solution

3. Solve3a + 3b =2, 3a + 5b = 3: subtracttoget2b=1=0b = %;then3a=2— % =a= %.

4. y= % + %m Check: errors (—%, %,—%) sumto 0 v .

2. Fity=a+bzto(0,1),(1,1),(2,2), (3,2)

Solution
10 1
11 1
A= = |l
! 1 20"V 7 |2
1 3 2
4 6 6
. ATA= ATy = | 7]
? [6 14]’ Y [11]

3. Solve4a + 6b = 6, 6a + 14b = 11: multiply the first by 1.5 to get 6a + 9b = 9, subtract:

_ _ 2. _ 12 _ 9
5b=2=0b= §;thenda=6— ¥ = a= 5.

4. y=0.9+ 04z.

3. Find the least-squares solutionofz =1, y =2, z +y =4.

Solution

3. Solve2x +y=2>, m+2y=6:fromtheﬁrsty=5—2m,sow+10—4m=6=>m=%andyz

|~

4. Fitaline through the origin, y = bz, to (1, 2), (2, 3), (3, 7).

Solution

1. Ais the single column of z-values (1,2, 3), so the normal equation is (AT A) b = ATy with numbers:
2. ATA=1+4+9=14and ATy = 1(2) + 2(3) + 3(7) = 29.

=2
3. b= 17,

5. Write MATLAB commands to fity = a + bx + cx? to data vectors x and y (columns).

Solution
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1. Eachrow of Ais (1, z;, z2).
2. A = [ones(size(x)) x x.”2]; buildsit( .”» squares each entry).

3. coef = A\y returnsa, b, cin order.
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LECTURE 15
Final review I: Units 6-8

1.
and real eigenvalues?
Solution
1. Rotation by 90°: [1 _0 ] . Doubling every length: multiply by 2.
: . [0 =2
2. The combined matrix: 2 0l
3. det = 0+ 4 = 4, so areas scale by 4.
4. det(A — AI) = A2 4 4 > 0: no real eigenvalues (every direction rotates).
1 2 0
2. Is |0 1 2] invertible?
2 01
Solution
1 2 0
1. Expandalongrow1l:(0 1 2|{=1(1-0)—-2(0—-4)+0=1+8=09.
2 01
2. Non-zero determinant, so invertible.

3. Diagonalize |2 °
. 1agonalize .
& 0 -1

Solution

1. Upper triangular: A = 2, —1.

0 3
2. A=2:A-2I= [0 3] givesy = 0: (1, 0).

3 3
3. A=—1LA+4+T= [0 0] givesz = —y: (1, —1).

1 1 2 0
4. = = .
F [0 —1]’D [0 —1]

4.
Solution
1 1 -1 -1 1 1
1. P= ,D=1|> % anap1= 2 _1 .
1 -1 01 -1 1 1 -1
2. PD= 3 1
3 -1
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A matrix has eigenvector (1,1) with eigenvalue 3 and (1, —1) with eigenvalue 1. Find it.

Find the matrix that rotates 90° counterclockwise and then doubles every length. What are its determinant
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LECTURE 16

Final review II: Units 9-11 and the whole course

11
1. Find an orthonormal basis for the column spaceof |1 0].
01

Solution

1. Columnsx; = (1,1,0),x2 = (1,0,1). vy = xy, ||[v1]|> = 2.

2. x3-vy=1s0vy=(1,0,1)—1(1,1,0) = (3,—3,1); scale to (1, —1,2).
3. Normalize: %(1, 1,0) and %(1, -1,2).

i .11
2. Orthogonally diagonalize 11l

Solution
1. Characteristic polynomial: (1 — A)2 — 1= XA(A —2),s0 A = 2,0.
-1 1
2. A=2A-2I= [ 1 1] gives (1,1). A = 0: Ax = Ogives (1,—-1).

11 2 0
3'Q:%L ALDZk J

3. Fity=a+bzto(—1,0),(0,1), (1,3).

Solution

-1 0
1. A=11 O0|,y=]1].

1 3

3 0 4
. ATA = ATy = .
’ [0 2}’ y [3]

3. 3a=4=a=3and2b=3=>b=3:y= 3+ 3z
4. True or false: (a) an orthogonal matrix is always symmetric; (b) the projection of b onto col A is AX; (c)
Gram-Schmidt applied to a dependent set produces a zero vector.

Solution

0
1. (a) A rotation [1 0 ] is orthogonal but not symmetric. False.

2. (b) Xis chosen so that AX is the point of col A closest to b, which is the projection. True.

3. (c) If x is a combination of earlier vectors, subtracting its projections removes everything: vy = 0.

True.
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